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Abstract
We study the clustering of the lowest non negative eigenvalue of the
Dirac operator on a general Dirac bundle when the metric structure is
varied. In the classical case we show that any closed spin manifold of
dimension m ≥ 4 has a Riemannian metric admitting non trivial harmonic
spinors.
1 Introduction
Let M be a closed m-dimensional Riemannian manifold. The dimension of
the kernel of the Laplace-Beltrami operator acting on p-forms is a topological
invariant called the p-th Betti number of M .
On a Riemannian spin manifold (M, g, s) with metric g and spin structure s
we consider the classical Dirac operator D, which is a first order PDO acting on
the differentiable sections of the spinor bundle ΣM , termed as spinors, and ask
whether the dimension h(M, g, s) of its kernel ker(D), the space of harmonic
spinors, is a topological invariant. The answer to this question is in general
negative. Hitchin [Hi74] computed the Dirac spectrum for a one parameter
family of metrics on S3 called the Berger metrics: for a generic value of the
parameter there are no harmonic spinors but for specific values the spectrum
contains zero.
The spinor bundle ΣM over a spin manifold M of an arbitrary dimension
m ≥ 2 splits into an orthogonal direct sum ΣM = ΣM+⊕ΣM− corresponding
to the eigenvalues of the normalized orientation, a spinor bundle isomorphism
S commuting with the D in odd dimensions and anticommuting in even dimen-
sions. In the latter case, the Dirac operator allows for the splitting
D =
[
0 D+
D− 0
]
, (1)
and h(M, g, s) = h+(M, g, s) + h−(M, g, s), where h±(M, g, s) := ker(D±) are
the dimensions of spaces of the positive and, respectively, negative harmonic
1
spinors. If the dimension of the manifold is divisible by 4, the Atiyah-Singer
index Theorem says
h+(M, g, s)− h−(M, g, s)) = Â(M), (2)
where Â(M) denotes the A-hat genus of M (cf. [AS68]). Therefore, the dimen-
sion of the space of harmonic spinors h(M, g, s) satisfies
m ∈ 4N1 ⇒ h(M, g, s) ≥ |Â(M)|, (3)
for any Riemannian metric g on M . Thereby, Np := {p, p+ 1, p+ 2, . . . }. For
dimensions m ≡ 1, 2 mod 8 there are similar results (cf. [AS71]) for generic
metrics using Milnor’s α-genus (cf. [Mi65]):
m ∈ 8N1 + 1⇒h(M, g, s) ≥ |α(M)|
m ∈ 8N1 + 2⇒h(M, g, s) ≥ 2|α(M)|.
(4)
These inequalities provide a topological lower bound for a metric invariant,
the dimension of the space of the harmonic spinors. In more recent years (cf.
[BD02], [Ma97], [An96]), there have been extensive studies on D-minimal Rie-
mannian metrics for which the the dimension of the space of harmonic spinors
is defined to be no larger than it must be by the index Theorem. The current
picture is
Manifold Dimension Milnor’s Genus Harmonic Spinors’ Space Dimension
m ∈ 4N1 α(M) ≥ 0 h+(M, g, s) = Â(M)
h+(M, g, s) = 0
α(M) < 0 h+(M, g, s) = 0
h−(M, g, s) = −Â(M)
m ∈ 8N1 + 1 α(M) = 0 h(M, g, s) = 0
α(M) = 1 h(M, g, s) = 1
m ∈ 8N1+2 α(M) = 0 h+(M, g, s) = h−(M, g, s) = 0
α(M) = 1 h+(M, g, s) = h−(M, g, s) = 1
m ∈ 8N1 + {3, 5, 6, 7} α(M) = 0 h(M, g, s) = 0
Ba¨r and Dahl ([BD02]) showed using surgery and spin bordism arguments
that any generic Riemannian metric on a closed simply-connected spin manifold
of dimension ≥ 5 is D-minimal. Later this result was extended by Amman, Dahl
and Humbert ([ADH09]) to arbitrary Riemannian metrics. Therefore,
Π1(M) = {e} ⇒

m ∈ 4N2 ⇒ h(M, g, s) = |Â(M)|
m ∈ 8N1 + 1⇒ h(M, g, s) = |α(M)|
m ∈ 8N1 + 2⇒ h(M, g, s) = 2|α(M)|.
(5)
In other words, in dimension m ∈ 8N1 + {1, 2}, for spin manfolds with
trivial first fundamental group Π1(M), there are no topological obstructions to
the existence of non trivial harmonic spinors.
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Are there Riemannian metrics with non-trivial harmonic spinors on all closed
spin manifolds? This is false in dimension 2, because for any eigenvalue λ of the
Dirac operator Ba¨r proved in [Ba¨r91] and in [Ba¨r92] that
λ2 ≥ 4π
vol(S2, g)
. (6)
If M is a closed surface, we have the following situation (see [BS92]):
Genus Harmonic Spinors’ Space Dimension
g = 0 h(M, g, s) = 0 for any metric and spin structure
g = 1, 2 h(M, g, s) is independent of the metric but not of the spin structure
g ≥ 3 h(M, g, s) depends on the metric
In the case of spheres Sm following results are known (see [Ba¨r91], [Ba¨r96] and
[Se00]):
Sphere Dimension Harmonic Spinors’ Space Dimension
m ∈ 4N0 + 3 h(Sm, g, s) > 0 for the Berger metric
and any spin structure s
m ∈ 4N1 For every k ∈ N1 and any spin structure s
there exits a metric g such that h(Sm, g, s) > k
Therefore the following conjecture lies at hand.
Conjecture. Let (M, s) be a closed spin manifold of dimension m ≥ 3 with
fixed spin structure s. Then, there exists a Riemannian metric g on M such
that
h(M, g, s) > 0. (7)
Using the Atiyah-Singer index Theorem for families and the theory of exotic
spheres Hitchin [Hi74] has shown that the conjecture is true for m ≡ 0, 1, 7
mod 8. Utilizing a gluing Theorem, Ba¨r ([Ba¨r96]) has proven it for m ≡ 3
mod 4. Both these results follow as a corollary from Dahl’s Theorem on invert-
ible Dirac operators (see [Da08]). Dahl proves in [Da05] that every compact spin
manifold of dimension ≥ 3 can be given a Riemannian metric for which a finite
part of the spectrum of the Dirac operator consists of arbitrarily prescribed
non-zero eigenvalues with multiplicity 1.
The main contribution of this paper is the proof of the following result.
Theorem 1.1. LetM be a closed spin manifold of dimension m ≥ 4. Let a spin
structure s be fixed. Then, there exists a Riemannian metric on M such that the
corresponding Dirac operator has non-trivial kernel, i.e. there are non-trivial
harmonic spinors and
h(M, g, s) > 0. (8)
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This paper is structured as follows. Section 2 recalls the basics of the stan-
dard theory in order to make the exposition self-contained. Section 3 collects
and develops several results on the spectrum of the Dirac operator and the Dirac
Laplacian, which are connected in Section 4 to prove the theorem. Section 5
concludes.
2 Dirac Bundles
The purpose of this chapter is to recall some basic definitions concerning the
theory of Dirac operators, establishing the necessary self-contained notation and
introducing the standard examples. The general references are [LM89], [BW93],
[BGV96] and [Ba¨r91].
2.1 Dirac Bundle
Definition 1. The quadruple (V, 〈·, ·〉,∇, γ), where
(i) V is a complex (real) vector bundle over the Riemannian manifold (M, g)
with Hermitian (Riemannian) structure 〈·, ·〉,
(ii) ∇ : C∞(M,V )→ C∞(M,T ∗M ⊗ V ) is a connection on M ,
(iii) γ : Cl(M, g)→ Hom(V ) is a real algebra bundle homomorphism from the
Clifford bundle overM to the real bundle of complex (real) endomorphisms
of V , i.e. V is a bundle of Clifford modules,
is said to be a Dirac bundle, if the following conditions are satisfied:
(iv) γ(v)∗ = −γ(v), ∀v ∈ TM i.e. the Clifford multiplication by tangent vec-
tors is fiberwise skew-adjoint with respect to the Hermitian (Riemannian)
structure 〈·, ·〉.
(v) ∇〈·, ·〉 = 0 i.e. the connection is Leibnizian (Riemannian). In other words
it satisfies the product rule:
d〈ϕ, ψ〉 = 〈∇ϕ, ψ〉 + 〈ϕ,∇ψ〉, ∀ϕ, ψ ∈ C∞(M,V ). (9)
(vi) ∇γ = 0 i.e. the connection is a module derivation. In other words it
satisfies the product rule:
∇(γ(w)ϕ) = γ(∇gw)ϕ + γ(w)∇ϕ, ∀ϕ, ψ ∈ C∞(M,V ),
∀w ∈ C∞(M,Cl(M, g)). (10)
Among the different geometric structures on Riemanniann Manifolds satis-
fying the definition of a Dirac bundle (cf. [Gi95]) the canonical example is the
spinor bundle.
Definition 2. (M, g, s) is called a spin manifold if and only if
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(i) (M, g) is a m-dimensional oriented Riemannian manifold.
(ii) s is a spin structure for M , i.e. for m ≥ 3 s is a Spin(m) principal fibre
bundle over M , admitting a double covering map π : s → SO(M) such
that the following diagram commutes:
s× Spin(m)
π×Θ

// s
π

// M
SO(M)× SO(m) // SO(M)
;;
①
①
①
①
①
①
①
①
①
(11)
where SO(M) denotes the SO(m) principal fiber bundle of the oriented ba-
sis of the tangential spaces, and Θ : Spin(m)→ SO(m) the canonical dou-
ble covering. The maps s× Spin(m)→ s and SO(M)× SO(m)→ SO(M)
describe the right action of the structure groups Spin(m) and SO(m) on
the principal fibre bundles s and SO(M) respectively.
When m = 2 a spin structure on M is defined analogously with Spin(m)
replaced by SO(2) and Θ : SO(2) → SO(2) the connected two-sheet cov-
ering. When m = 1 SO(M) ∼= M and a spin structure is simply defined
to be a two-fold covering of M .
The vector bundle overM associated to s with respect to the spin representation
ρ i.e.
ΣM := s×
ρ
Cl l := 2[
m
2 ] (12)
is called spinor bundle over M .
Example 2.1. (Spinor bundle as a Dirac bundle.) Let (M, g, s) be a spin
manifold of dimension m. We can make the spinor bundle into a Dirac bundle
by the following choices:
• V := ΣM : spinor bundle, rank(V ) = l.
• 〈·, ·〉: Riemannian structure induced by the standard Hermitian product
in Cl, which is Spin(m)-invariant, and by the representation ρ.
• ∇ = ∇Σ: spin connection = lift of the Levi-Civita connection to the spinor
bundle.
• By means of the Clifford · product, we define
γ :
TM −→ Hom(V )
v 7−→ γ(v), where γ(v)ϕ := v · ϕ. (13)
We identified TM with SO(M) ×
α
Rm, where α is the standard representa-
tion of Rm, and ΣM with s ×
ρ
Cl. Since γ2(v) = −g(v, v)1, by the universal
property, the map γ extends uniquely to a real algebra bundle endomorphism
γ : Cl(M, g) −→ Hom(V ).
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Example 2.2. (Exterior algebra bundle as a Dirac Bundle.) Let (M, g)
be a C∞ Riemannian manifold of dimension m. The tangent and the cotangent
bundles are identified by the ♭-map defined by v♭(w) := g(v, w). Its inverse
is denoted by ♯. The exterior algebra can be seen as a Dirac bundle after the
following choices:
• V := Λ(T ∗M) =⊕mj=0 Λj(T ∗M): exterior algebra over M .
• 〈·, ·〉: Riemannian structure induced by g.
• ∇: lift of the Levi Civita connection.
• By means of interior and exterior multiplication, int(v)ϕ := ϕ(v, ·) and
ext(v)ϕ := v♭ ∧ ϕ, we can define
γ :
TM −→ Hom(V )
v 7−→ γ(v) := ext(v)− int(v). (14)
Recall that, since γ2(v) = −g(v, v)1, by the universal property, the map γ
extends uniquely to a real algebra bundle endomorphism γ : Cl(M, g) −→
Hom(V ).
Example 2.3. (Antiholomorphic Bundle as a Dirac Bundle). Let (M, g,Ω, J)
be a Ka¨hler manifold of even dimension m with Riemannian metric g, closed
Ka¨hler 2-form Ω and almost complex structure J ∈ Hom(TM) satisfying J2 =
−1. Let W be an holomorphic hermitian bundle over M with hermitian struc-
ture 〈·, ·〉W and canonical connection ∇W . The antiholomorphic bundle can be
seen as a Dirac bundle after the following choices:
• V := Λ(T 0,1M)∗ ⊗W : antiholomorphic bundle over M .
• 〈·, ·〉 := gΛ(T 0,1M)∗ ⊗ 〈·, ·〉W .
• ∇ := ∇gΛ(T
0,1M)∗ ⊗∇W .
• By means of interior and exterior multiplication, we can define
γ :
TM = TM1,0 ⊕ TM0,1 −→ Hom(V )
v = v1,0 ⊕ v0,1 7−→ γ(v) := √2(ext(v1,0)− int(v0,1)). (15)
Since γ2(v) = −g(v, v)1, by the universal property, the map γ extends
uniquely to a real algebra bundle endomorphism γ : Cl(M, g) −→ Hom(V ).
Remark 2.1. Let (M, g, s) be a spin manifold. The spin connection ∇Σ is
locally given by a spinor endomorphism valued 1-form. More exactly, let U ⊂M
be any contractible open subset ofM , {e1, . . . , em} a local orthonormal frame for
TM |U with corresponding Christoffel symbols Γkij , ( i.e. ∇eiej =
∑m
k=1 Γ
k
ijek),
and {s1, . . . , sl} a local frame for ΣM |U . We write
∇Σ|U = d+ ωΣ,U , (16)
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where ωΣ,U ∈ C∞(U, T ∗M⊗ΣM |U) meaning by this: if for any ϕ ∈ C∞(M,ΣM),
we decompose ϕ|U =
∑l
j=1 f
jsj where f
j ∈ C∞(M,C), then
∇Σ(ϕ|U ) =
l∑
j=1
(df j ⊗ sj + f jωΣ,U ⊗ sj). (17)
Being ∇Σ the lift of the Levi-Civita connection, we find
ωΣ,U =
1
4
m∑
i,j,k=1
Γkijγ(ej)γ(ek)(ei)
♭. (18)
One can ask, how general the definition of Dirac bundle is, in particular al-
lowing for formula (18). The answer is as follows: it is always possible to make
a bundle of Clifford modules into a Dirac bundle, such that the connection is
an extension of the Levi-Civita connection. However, this extension procedure
is only locally but not globally unique. In fact the following statement is im-
plicitely contained in [BW93] Chapter 2.
Theorem 2.1. Let (V, γ) be a bundle of Clifford modules over the Riemannian
manifold (M, g) like in (iii) of Definition 1. Then,
• a Hermitian (Riemannian) structure 〈·, ·〉 on V , making the Clifford mul-
tiplication γ by tangent vectors v ∈ TM fibrewise skewadjoint like in (iv),
and,
• a connection ∇ on V , which is Leibnizian (Riemannian), a module deriva-
tion like in (v)-(vi) and an extension of the Levi-Civita connection as in
formula (18),
exist such that (V, 〈·, ·〉,∇, γ) is a Dirac bundle.
Remark 2.2. By formula (17) the connection ∇ is locally well and uniquely
defined over contractible open subsets of M . Using a partition of unity, one
obtains then a global well defined ∇ by patching together the local connections:
a convex linear combination of compatible connections is compatible. However,
in general, different choices of a cover of contractible open subsets of M and of
a subordinate partition of unity give rise to different compatible connections.
The restriction of a Dirac bundle to a one codimensional submanifold is
again a Dirac bundle, as following theorem (see [Gi93]) shows.
Theorem 2.2. Let (V, 〈·, ·〉,∇, γ) be a Dirac bundle over the Riemannian man-
ifold (M, g) and let N ⊂ M be a one codimensional submanifold with normal
vector field ν. Then (N, g|N ) inherits a Dirac bundle structure by restriction.
We mean by this that the bundle V |N , the connection ∇|C∞(N,V |N ), the real al-
gebra bundle homomorphism γN := −γ(ν)γ|Cl(N,g|N ), and the Hermitian (Rie-
mannian) structure 〈·, ·〉|N satisfy the defining properties (iv)-(vi) in Definition
1. The quadruple (V |N , 〈·, ·〉|N ,∇|C∞(N,V |N ), γN ) is called the Dirac bundle
structure on N induced by the Dirac bundle (V, 〈·, ·〉,∇, γ) on M .
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2.2 Dirac Operator and Dirac Laplacian
Definition 3. Let (V, 〈·, ·〉,∇, γ) be a Dirac bundle over the Riemannian man-
ifold (M, g). The Dirac operator Q : C∞(M,V ) → C∞(M,V ) is defined
by
C∞(M,V )
∇−−−−→ C∞(M,T ∗M ⊗ V )
Q:=γ◦(♯⊗1)◦∇
y y♯⊗1
C∞(M,V )
γ←−−−− C∞(M,TM ⊗ V )
(19)
The square of the Dirac operator P := Q2 : C∞(M,V ) → C∞(M,V ) is called
the Dirac Laplacian.
Remark 2.3. The Dirac operator Q depends on the Riemannian metric g and
on the homomorphism γ. If different metrics or homomorphisms are considered,
then the notation Q = Qgγ = Q
g = Qγ is utilized to avoid ambiguities.
Proposition 2.3. The Dirac operator is a first order differential operator over
M . Its leading symbol is given by the Clifford multiplication:
σL(Q)(x, ξ) = ı γ(ξ
♯) (20)
where ı :=
√−1. The Dirac operator has the following local representation:
Q(ϕ|U ) =
m∑
j=1
γ(ej)∇ej (ϕ|U ) (21)
for a local orthonormal frame {e1, . . . , em} for TM |U and a section ϕ ∈ C∞(M,V ).
The Dirac Laplacian is a second order partial differential operator over M . Its
leading symbol is given by the Riemannian metric:
σL(Q
2)(x, ξ) = gx(ξ
♯, ξ♯)1Vx ∀x ∈M, ξ ∈ T ∗xM. (22)
Example 2.4 (Atiyah-Singer Operator and Spin Laplacian). The Dirac
operator in the case of spin manifolds (M, g, S) is the Atiyah-Singer operator
Dgγ on the sections of the spinor bundle ΣM . The Dirac Laplacian ∆
g
γ := (D
g
γ)
2
is the spin Laplacian.
Example 2.5 (Euler and Laplace-Beltrami Operators). The Dirac op-
erator in the case of the exterior algebra bundle over Riemannian manifolds
(M, g) is the Euler operator d + δ on forms on M . The Dirac Laplacian
∆ := (d+ δ)2 = dδ + δd is the Laplace-Beltrami operator.
Example 2.6 (Clifford operator and Complex Laplacian). The Dirac op-
erator in the case of antiholomorphic bundles over Ka¨hler manifolds (M, g,Ω, J)
is the Clifford operator
√
2(∂ + ∂
∗
), while the Dirac Laplacian is the complex
laplacian 2(∂∂
∗
+ ∂
∗
∂).
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3 Spectral Properties
We consider Dirac bundles over compact manifolds, possibly with boundary.
The existence of a regular discrete spectral resolution for both Dirac and Dirac
Laplacian operators under appropriate boundary conditions is a special case
of the standard elliptic boundary theory developed by Seeley ([Sl66], [Sl69])
and Greiner ([Gre70], [Gre71]). The general references are [Gr96] and [Ho¨85].
See [BW93] and [Gi95] for the specific case of the Dirac and Dirac Lapacian
operators.
3.1 Manifolds without Boundary
By Green’s formula both Dirac Q and Dirac Laplacian P operators for a Dirac
bundle V over a compact Riemannian manifold without boundary are easily
seen to be symmetric operators for the C∞-sections of Dirac bundle. Taking
as domain of definition the closure of the differentiable sections of V in the
Sobolev H1− and respectively H2-topology, leads to two selfadjoint operators
in L2(M,V ).
Theorem 3.1. The Dirac Q and the Dirac Laplacian P operators of a Dirac
bundle over a compact Riemannian manifold M without boundary have a reg-
ular discrete spectral resolution with the same eigenspaces. It exists a sequence
(ϕj , λj)j≥0 such that (ϕj)j≥0 is an orthonormal basis of L
2(M,V ) and for ev-
ery j ≥ 0 it must hold Qϕj = λjϕj , Pϕj = λ2jϕj and ϕj ∈ C∞(M,V ). The
eigenvalues of the Dirac operator (λj)j≥0 form a sequence of reals increasing
in absolute value converging to ∞ for j → +∞. The eigenvalues of the Dirac
Laplacian are the squares of the eigenvalues of the Dirac operator and hence not
negative.
3.2 Manifolds with Boundary
The case of manifolds with boundary is more complex. The analogue of Theorem
3.1 holds true only for appropriate boundary conditions: an elliptic zero order
boundary condition for the Dirac operator and the induced first order elliptic
boundary condition for the Dirac Laplacian, both making the corresponding op-
erators selfadjoint. We can consider elliptic boundary conditions for the Dirac
Laplacian which are not induced by boundary conditions for the Dirac operator.
While for the Dirac Laplacian it is always possible to find local elliptic boundary
conditions allowing for a discrete spectral resolution, this is not always true for
the Dirac operator (see Chapter 1.11.6 in [Gi95]). The Dirac Laplacian P for
a Dirac bundle V over a compact Riemannian manifold with boundary is eas-
ily seen by Green’s formula to be a symmetric operator for the C∞-sections of
Dirac bundle if we impose the Dirichlet boundary condition BDϕ := ϕ|∂M = 0
or the Neumann boundary condition BNϕ = ∇νϕ|∂M = 0. Taking as domain
of definition the closure of the differentiable sections of V satisfying the bound-
ary conditions in the Sobolev H2-topology, leads to a selfadjoint operator in
L2(M,V ).
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Theorem 3.2. The Dirac Laplacian P of a Dirac bundle over a compact Rie-
mannian manifold M with boundary under the Neumann or the Dirichlet con-
dition has a regular discrete spectral resolution (ϕj , λj)j≥0. This means that
(ϕj)j≥0 is an orthonormal basis of L
2(M,V ) and that for every j ≥ 0 it must
hold Pϕj = λjϕj, ϕj ∈ C∞(M,V ), and Bϕj = 0 for either B = BD or
B = BN . The eigenvalues (λj)j≥0 are a monotone increasing real sequence
bounded from below and converging to infinity. The Dirichlet eigenvalues are
all strictly positive. The Neumann eigenvalues are all but for a finite number
strictly positive.
3.3 Spectral Upper Bounds Estimates
The aim of this section is to review the classic method of finding upper bounds
on the spectrum of Dirac Laplacian under the Dirichlet boundary condition. The
Courant-Hilbert Theorem, provides a useful technique relating the eigenvalues
on the whole manifold with the eigenvalues of a manifold decomposition. The
Courant-Hilbert (cf. [CH93]), which was originally formulated for the Laplacian
on functions on domains in Rm in the early 20’s of last century, can be extended
to the Dirac Laplacian (actually to any formally selfadjoint operator of Laplace
type). This generalization is stated in [Ba¨r91] and explicitely carried out in
[Fa98]. The proofs are formally identical to the case of real functions on domains
in Rm as in [Cha84] using the variational characterization of eigenvalues by
means of the Rayleigh quotient.
Theorem 3.3 (Spectral Upper Bounds for Dirichlet Eigenvalues). Con-
sider a compact, oriented, Riemannian manifold M with (smooth) boundary
∂M , carrying a Dirac bundle. Let P the Dirac Laplacian and decompose the
manifold as
M =
⋃r
k=1
Mk (23)
whereM1, . . . ,Mr are finitely many 0-codimensional submanifolds with (smooth)
boundaries ∂Mk and pairwise disjoint interiors. We require for a boundary
∂Mk intersecting ∂M that it agrees with the corresponding boundary connected
component of ∂M . The operator PBD for the Dirichlet boundary condition
is selfadjoint by Theorem 3.2 and has a discrete spectrum. We denote by
(λj)j≥0 := spec(PBD ) the Dirichlet eigenvalues for the operator P on M , by
(µkj )j≥0 := spec((P |Mk)BD ) the Dirichlet eigenvalues of the operator P on Mk.
Choose any s ≤ r and define (µj)j≥0 :=
⋃s
k=1(µ
k
j )j≥0. All the sequences are
ordered non decreasingly and all the eigenvalues are repeated according to their
multiplicities. Then, the following inequality between eigenvalues holds:
λj ≤ µj , (24)
for all j ≥ 0.
An analogous result for spectral lower bounds holds true for the Neumann
boundary condition (cf. [Ba¨r91] and [Fa98]), but we will not need it in the
following.
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3.4 Warped Products
We want to compute the eigenvalues of the Dirac Laplacian under the Dirichlet
boundary condition for a warped product. We consider a cylindrical manifold
Z := [0, t] × N , where (N, dσ2) is a m − 1 dimensional Riemannian manifold,
and t > 0 is a given parameter. A Riemannian metric for Z is defined by
g := du2+ρ2(u)dσ2, for a given smooth function ρ. We assume that Z carries a
Dirac bundle structure, which by Theorem 2.2, induces on each 1-codimensional
submanifold Nu := {u} ×N with the metric ρ(u)dσ2 a Dirac bundle structure.
Lemma 3.4. Let QN := QNu denote the Dirac operator on Nu, P
N := (QNu)
2
the Dirac Laplacian on Nu and H = − ρ
′
ρ the mean curvature of Nu in Z. The
Dirac Laplacian PZ on Z Laplacian can be written as
PZσ =PNs σ + [Q
N ,∇Z∂u ]σ +
(
m− 1
2
H ′ −
(
m− 1
2
)2
H2
)
σ+
+ (m− 1)H∇Z∂uσ − (∇Z∂u)2σ,
(25)
for any smooth section σ of the Dirac bundle.
Proof. According to Ba¨r [Ba¨r96] the Dirac operator on the warped product
writes as
QZσ = γ(∂u)Q
Nσ − m− 1
2
Hγ(∂u)σ + γ(∂u)∇Z∂uσ. (26)
So, for the Dirac Laplacian we have
PZσ = (QZ)2σ =
= QZ
(
γ(∂u)Q
Nσ − m− 1
2
Hγ(∂u)σ + γ(∂u)∇Z∂uσ
)
=
= γ(∂u)Q
N
(
γ(∂u)Q
Nσ − m− 1
2
Hγ(∂u)σ + γ(∂u)∇Z∂uσ
)
+
− m− 1
2
Hγ(∂u)(γ(∂u)Q
Nσ − m− 1
2
Hγ(∂u)σ + γ(∂u)∇Z∂uσ)+
+ γ(∂u)∇Z∂u
(
γ(∂u)Q
Nσ − m− 1
2
Hγ(∂u)σ + γ(∂u)∇Z∂uσ
)
=
= (QN)2σ + (QN∇Z∂u −∇Z∂uQN )σ − (∇Z∂u)2σ+
+
(
m− 1
2
∂uH −
(
m− 1
2
)2
H2
)
σ + 2(m− 1)H∇Z∂uσ
(27)
which is the assertion of the lemma. Thereby we used that
∇Z∂u∂u = 0 (28)
and that
− γ(∂u)∇Z∂u(Hγ(∂u)σ) = ∂uHσ +H∇Z∂uσ. (29)
The proof is completed.
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Proposition 3.5. The parallel transport ΠZ in the Dirac bundle along the u
lines of the warped product Z satisfies the following equation:
QNuΠu0→uZ =
ρ(u0)
ρ(u)
Πu0→uZ Q
Nu0 , (30)
where u0, u ∈ [0, t].
Proof. Let ∂1 := ∂u, ∂2, . . . , ∂m be an orthogonal frame for TU , where U is an
open set in Z. Equation (30) follows from the formulae
∇Nu1
ρ(u)
∂i
Πu0→uZ =
ρ(u0)
ρ(u)
Πu0→uZ ∇
Nu0
1
ρ(u0)
∂i(u0)
(31)
and
Πu0→uZ γ
(
1
ρ(u0)
∂i(u0)
)
= γ
(
1
ρ(u)
∂i
)
Πu0→uZ (32)
which can be verified by a computation.
Let {σj(u0)}j≥0 be a L2-o.n. eigenbasis of QNu0 over Nu0 . Since γ(∂u) an-
ticommutes with QNu , the section γ(∂u0)σj(u0) is an eigenvector for the eigen-
value −µj , if we assume that σj is an eigenvector for the eigenvalue µj . Hence,
we may assume σj+1 = γ(∂u)σj and µj+1 = −µj.
Parallel transport along the u-lines generates sections σj = σj(u, ·). By
Proposition 3.5, when restricted to Nu for u fixed, (σj(u, ·))j≥0 is a L2-o.n.
eigenbasis of QNu with eigenvalues µj(u) =
ρ(u0)
ρ(u) µj(u0). Since γ(∂u) is parallel
along the u-lines, the equality σj+1(u, ·) = γ(∂u)σj(u, ·) holds for all u.
Let now σ be a smooth section over Z. Restriction to Nu for a u fixed yields
a smooth section over Nu which can be expressed in the basis (σj(u, ·))j≥0 as
σ(u, ·) =
∑
j≥0
aj(u)σj(u, ·). (33)
By virtue of this representation we can rephrase eigenvalue equation and bound-
ary condition for the warped product Z.
Proposition 3.6. The eigenvalue equation for the Dirac Laplacian PZσ = λσ
and the Dirichlet boundary condition σ|∂Z = 0 are equivalent to the equation
system
−a′′j + (m− 1)Ha′j +
(
µ2j − µ′j +
m− 1
2
H ′ − (m− 1)
2
4
H2 − λ
)
aj = 0
aj(0) = aj(t) = 0 (j ≥ 0).
(34)
If there is an harmonic section on N , the Dirichlet eigenvalues on Z comprise{
π2(n+ 1)2
t2
∣∣∣∣n ∈ N0} . (35)
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Proof. We insert the decomposition (33) into the equation (PZ−λ)σ = 0 where
we represent PZ using Lemma 3.4. Since ∇Z∂uσ(u, ·) = 0, being σj parallel along
the u-lines, we obtain∑
j≥0
[−a′′j + (m− 1)Ha′j+
+
(
µ2j − µ′j +
m− 1
2
H ′ − (m− 1)
2
4
H2 − λ
)
aj
]
σj = 0.
(36)
This equation is satisfied if and only if all coefficients vanish and the equation
system (34) follows. To solve it we introduce the substitution
a¯j(u) := e
−
∫
u
0
ds
(
µ2j (s)−µ
′
j(s)+
m−1
2 H
′− (m−1)
2
4 H
2(s)
)
aj(u), (37)
under which system (34) becomes
−a¯′′j +
(
µ2j − µ′j − λ
)
a¯j = 0
a¯j(0) = a¯j(t) = 0 (j ≥ 0).
(38)
If there is a non trivial harmonic section of the Dirac bundle over N , then
µ0(0) = 0. System (38) becomes for j = 0
−a¯′′0 − λa¯0 = 0
a¯0(0) = a¯0(t) = 0,
(39)
which can be easily seen to have non trivial solution if
λ ∈
{
π2(n+ 1)2
t2
∣∣∣∣n ∈ N0} . (40)
The proof is completed.
3.5 First Variation of the Eigenvalues
Bourguignon and Gauduchon ([BG92]) have computed the first derivative of the
eigenvalues of the classic Dirac operator when the Riemannian metric is varied.
Their result can be slightly generalized to
Theorem 3.7. Let gt := g + tk be a variation of the Riemannian struc-
ture g on the compact manifold M for a given symmetric 2-tensor field k and
(V t, 〈·, ·〉t,∇t, γt) an analytic one-parameter family of Dirac bundles on (M, gt).
Let {(ψtj , λtj)}j≥0 denote the discrete spectral resolution of the Dirac operator
Qg
t
γt . The first derivative of the eigenvalues with respect to the parameter t
satisfies the following equations
d
dt
∣∣∣∣
t=0
λj
(
Qg
t
γt
)
= −1
2
∫
M
dvolg Tr
(
kW 0ψ0j
)
,
d
dt
λj
(
Qg
t
γt
)
= −1
2
∫
M
dvolg
〈
ψtj ,
m∑
s=1
γt(es)∇
(I+tKg)
−
3
2Kg(es)
ψtj
〉t
,
(41)
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where for ψt ∈ C∞(M,V t) we have introduced the 2-tensor field
W tψt(X,Y ) :=
1
2
Re
〈
γt(X)∇tY ψt + γt(Y )∇tXψt, ψt
〉t
. (42)
The homomorphismu Kg ∈ Hom(TM) is defined by the equation
k(u, v) = g(Kg(u), v) for all u, v ∈ TM, (43)
and {e1, . . . , em} for TM |U is a local orthonormal frame for TM with respect
to the metric gt.
Proof. The arguments in Bourguignon and Gauduchon ([BG92], pages 593-595)
extend directly to a general Dirac operator to prove the result.
Corollary 3.8. Let M be a compact manifold supporting a Dirac bundle. As-
sume the existence of a sequence of Riemannian metrics {gj}j≥0 on M exists,
satisfying
• {gj}j≥0 is contained in a compact set of symmetric bilinearforms over M
with respect to the uniform C1-topology.
• λ0
(
Q
gj
γ
)→ 0 for j → +∞.
• λ0
(
Q
gj
γ
) ≤ 14minx∈M ∣∣g−1j (x)∣∣−1, where |·|2 := 〈·, ·〉 and 〈v1, v2〉 := Tr (v1v∗2)
denote norm and scalar product for quadratic matrices.
Then, there is a Riemannian metric g on M such that
λ0
(
Qgγ
)
= 0. (44)
Remark 3.1. This Riemannian metric g is in general not the limit of the
sequence {gj}j≥0 in the uniform C1-topology.
Proof. Let us consider the set up of Theorem 3.7 and evaluate the first derivative
of the 0th eigenvalue for the choice
k = k(g) := ‖W 0ψ00‖
−1
L∞(M)W
0
ψ00
, (45)
for the symmetric tensor field on M and
‖W‖L∞(M) := sup
M
|W | . (46)
The eigenvalues of k(g) are real valued functions on M , which in absolute value
are smaller than or equal to 1. The bilinear form
gt := g + tk(g) (47)
is positive definite if and only if
gt(v, v) > 0 for any v ∈ TM \ {0}, (48)
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that is
g(v, v) > −tk(v, v) for any v ∈ TM \ {0}. (49)
Since the matrix representations of g and k with respect to a local o.n. frame
for g commute, it is possible to diagonalize g and k on every x ∈M with respect
to the same basis of TxM . Using the matrix representations with respect to this
basis, gt is positive definite if and only if
gi,i(x) > −tki,i(x) for i = 1, . . . and all x ∈M. (50)
Since |ki,i(x)| ≤ 1 this condition is satisfied if and only if
|t| ≤ min
i
gi,i(x) =
(
max
i
1
gi,i(x)
)−1
=
∣∣g−1(x)∣∣−1 for all x ∈M. (51)
Therefore, gt is positive definite if
|t| ≤ T (g) := inf
x∈M
∣∣g−1(x)∣∣−1 = min
x∈M
∣∣g−1(x)∣∣−1 . (52)
Therefore, the real valued function
F (g, t) :=
∫
M
dvolg
〈
ψt0,
m∑
s=1
γt(es)∇
(I+tKg)
−
3
2Kg(es)
ψt0
〉t
(53)
is well defined for any Riemannian metric g and real t such that |t| ≤ T (g).
The function F is continuous in (g, t) and real holomorphic in t (cf. Thm VII
3.9 in [Ka80], [BG92] and Appendix A in [He12]). Note that in its definition
the homomorphism Kg occurs, which is the operator associated to the bilinear
form k. We consider now a convergent subsequence of {gj}j≥0 in the uniform
C1 topology, which exists because the sequence is contained by assumption in
a compact set. By denoting such subsequence as the original sequence and
B := {gj}
C1
we see that the set
A := {(g, t) | g ∈ B, |t| ≤ T (g)} (54)
is compact in the product topology, being T a continuous function. Since, by
Theorem 3.7, F (g, 0) ≡ 1 for all g, the function F has a uniformly continuous
extension on A and, therefore,
F (g, t) = F (g, t)− F (g, 0) + F (g, 0) ≥ − |F (g, t)− F (g, 0)|+ 1 ≥ 1
2
, (55)
if |t| ≤ δ for a δ > 0 independent of g ∈ B. Now, for the first order Taylor
approximation of the first eigenvalue we obtain
λ0(g
t) = a(θt)t+ λ0(g), (56)
where θ = θ(t) ∈]0, 1[ and
a(t) :=
d
dt
λ0(g
t). (57)
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Theorem 3.7 reformulated reads as
a(t) = −1
2
F (g, t), (58)
for all (g, t) ∈ A and |t| ≤ δ, and, by (55),
a(t) ≤ −1
4
(59)
holds true on the same (g, t)-domain. By Taylor’s formula (56)
0 ≤ λ0(gt) ≤ +a(0)t+ λ0(g) ≤ − t
4
+ λ0(g), (60)
where the right hand side of the inequality vanishes if
t = t0(g) := 4λ0(g). (61)
This means that λ0(g
t) = 0 for t = t0(g). By the hypothesis of the corollary, it
is possible to pick a Riemannian metric g in B with arbitrarily small eigenvalue
λ0
(
Qgγ
)
in such a way that |t0(g)| ≤ min{T (g), δ}. We therefore can conclude
that gt0 := g + t0(g)k(g) is a Riemannian metric for which
λ0(g
t0) = 0, (62)
and the proof is completed.
In Section 4, during the proof of the main Theorem 1.1 we will need the
following additional result.
Corollary 3.9. Let gt := tg for t > 0 be a variation of the Riemannian
structure g on the compact manifold M carrying a Dirac bundle (V, 〈·, ·〉,∇, γ)
embedded for t = 1 into an analytic one parameter family of Dirac bundles
(V t, 〈·, ·〉t,∇t, γt) a. Then, the eigenvalues of the Dirac operators can be scaled
as
λj(Q
gt
γt) =
1√
t
λj(Q
g
γ) for all j ≥ 0. (63)
Proof. We apply Theorem 3.7 for the special case gt = g − tg = (1 − t)g, that
is k := −g, and hence Kg = −I, to obtain
d
dt
λj
(
Qg
t
γt
)
=
1
2
(1− t)− 32
∫
M
dvolgt
〈
ψtj , Q
gt
γtψ
t
j
〉t
. (64)
Since the eigenvector ψtj of the Dirac operator Q
gt
γt has unit norm, the corre-
sponding the eigenvalue λtj := λj
(
Qg
t
γt
)
, as a function of t, satisfies the ODE
d
dt
λtj =
1
2
(1− t)− 32 λtj , (65)
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which can be solved as
λtj = (1− t)−
1
2λ0j . (66)
Since λtj corresponds to the metric (1−t)g and λ0j to the metric g, the statement
of the corollary follows and the proof is completed.
3.6 Berger Metrics
Following Theorem 2.1 in [LM89] (page 89) we know that on a manifold M
there are as many spin structures as homology classes in H1(M,Z2). Since
Hk(Sm,Z2) = 0 for k 6= 0,m (see the example on page 46 in [DFN90]), it follows
that for any m ≥ 2 the sphere Sm has a unique spin structure. The circle S1
has two spin structures and only one admits harmonic spinors (cf. [Ba¨r91]).
For k ∈ N1 the Hopf fibration S2k+1 → CP k is a Riemannian submersion if
we equip S2k+1 with its standard metric of constant curvature 1 and CP k with
the Fubini-Study metric. The fibers are circles S1. If we rescale the length of
the fibers by some T > 0 and keep the metric on the orthogonal complement to
the fibers fixed, we obtain a one parameter family of metrics {gT}T>0 on S2k+1.
Ba¨r proved in [Ba¨r96]
Proposition 3.10. The classic Dirac operator on (S2k+1, gT ) for k odd has 0
as eigenvalue for T = 2(k + 1).
4 Proof of the Main Theorem
We split the proof into three steps. First we show under which particular condi-
tions a subsequence of sequence of Riemannian metrics on a compact manifold
converges to a symmetric tensor field in the uniform C1 topology. Next, we
prove a general lemma about the existence of harmonic sections by connecting
several results presented in the preceding chapter. Then, we specialize to spin
manifolds and prove the main theorem by a cross dimensional argument. Fi-
nally, we explain why the application of the technique presented does not lead
to new results in the case of differential forms.
For k ∈ N0 let us introduce the Sobolev space Hk(M,S) of covariant sym-
metric 2 tensors over M . It is an Hilbert space with scalar product
(g, h)Hk(M,S) :=
∑
|α|≤k
∫
M
dvolχ 〈∇αg,∇αh〉 (67)
and norm ‖ · ‖Hk(M,S) :=
√
(·, ·)Hk(M,S). Thereby denotes χ a fixed Riemannian
metric on M with connection ∇ and ∇α := Πmi=1 (∇ei)αi for the multiindex
α := (α1, . . . , αm) for a given local orthonormal frame (ei)i=1,...,m of TM . Recall
that 〈v1, v2〉 := Tr (v1v∗2). The scalar product is defined up to the choice of the
reference Riemannian metric χ and a partition of unit subordinate to a finite
open cover (Ul)l=1,··· ,L of M for which there exist local orthonormal frames of
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TM . Being M compact, the topology of the Sobolev space does not depend on
the choices made.
Lemma 4.1. Let (gj)j≥0 ⊂ C∞(M,S), where S denotes the bundle of covariant
symmetric 2 tensors over M , be a sequence of Riemannian metrics. If (gj)j≥0 is
bounded for all Sobolev Hk norms, it exists a g ∈ C∞(M,S), not necessarily a
Riemannian metric, such that |g − gjs |C1 → 0 when s→ +∞ for a subsequence
(js)s≥0.
Proof. Since the manifold M is compact, the claim follows immediately by the
compact embedding implied by Morrey’s inequality.
Lemma 4.2. Let M be a closed connected Riemannian manifold supporting a
Dirac bundle and let N be a 0-codimensional submanifold with boundary ∂N ,
supporting the Dirac bundle structure inherited by M . If there exists a metric on
∂N , such that the Dirac operator on ∂N admits non trivial harmonic sections,
then the same holds true for M , that is, there is a Riemannian metric on M
for which the Dirac operator has 0 as eigenvalue.
Proof. For a t > 0 we introduce the following connected sum:
M t : = (M \N) ∪˙U1 ∪˙Zt∪˙U2,t ∪˙N, where
U1 : = [−1, 0]× ∂N,
Zt : = [0, t]× ∂N,
U2,t : = [t, t+ 1]× ∂N.
(68)
For all t > 0 the manifoldM is diffeomorphic to M t, on which we introduce the
following Riemannian metric:
gt|M\N : =
1
t
g|M\N ,
gt|U1 : =
1
t
((1 − ψ(u))(du2 + g|∂N ) + ψ(u)(du2 + ρ2(0)g|∂N)),
gt|Zt : = 1
t
(du2 + ρ2(u)g|∂N ),
gt|U2,t : =
1
t
((1 − χ(u))(du2 + ρ(u)2g|∂N ) + χ(u)(du2 + ρ2(t)g|∂N )),
gt|N : = 1
t
ρ2(t+ 1)g|N ,
(69)
where ρ : [0, t]→ R is a smooth function defining the metric on the warped
product Zt and ψ, χ : R→ [0, 1] are fixed smooth functions, such that
ψ(u) = 0 (u ≤ −1), ψ(u) = 1 (u ≥ 0),
χ(u) = 0 (u ≤ t), χ(u) = 1 (u ≥ t+ 1). (70)
By continuity the Dirac bundle structure over (M, g) can be stretched to a
Dirac bundle structure over (M t, gt). By the Courant-Hilbert Theorem 3.3, the
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first eigenvalue of the Dirac Laplacian onM t is dominated by the first Dirichlet
eigenvalue on the (Zt, gt). The first eigenvalue on the warped product (Zt, tgt)
has been computed in Proposition 3.6. Therefore, by Corollary 3.9, we have
λ20(Q
gt
α
γtα
) = tαλ20(Q
tαgt
α
γαt
) =
= tαλ0(P
(Mt
α
, tαgtα ) ≤ λ0(P (Z
tα , tαgtα )
BD
) = π2tα−2 → 0,
(71)
when t → +∞ and α < 2. With the particular choice of ρ(u) := e− u2(m−1) , and
taking the metric g1 as reference, the Sobolev Hk norm of the metric over the
cylinder Zt
α
satisfies for all k ≥ 0 the growth condition:
‖gtα‖2Hk(Ztα ) =
∑
|α|≤k
∫
Zt
α
dvolg1
〈
∇αgtα ,∇αgtα
〉
≤ Const, (72)
where Const is a positive constant independent of the parameters t and α, as
long as α > 0. The diffeomorphism
φt
α
: Z1 → Ztα , (u, s) 7→ φtα(u, s) := (tαu, s) (73)
induces the metric (φt
α
)∗gt
α
on Z1 for which, taking (φ1)∗g1 as reference metric
in equation (67) for the computation of the Sobolev norm
‖(φtα)∗gtα‖2Hk(Z1) ≤ Const (74)
holds true for all k ≥ 0.
By definition (69) and our choice of ρ, it exists a C > 0 such that, for all t > 0
minx∈Mtα
∣∣∣gtα−1(x)∣∣∣−1 ≥ Ct−α. (75)
Since
λ0(Q
gt
α
γtα
) ≤ πtα2−1, (76)
the inequality
λ0(Q
gt
α
γtα
) ≤ 1
4
minx∈Mtα
∣∣∣gtα−1(x)∣∣∣−1 (77)
holds true for for α ∈]0, 23 [ and all t big enough. If Ψ denotes a fixed dif-
feomorphism mapping M to M1, then, by Corollary 3.9 the metrics gj :=
(Ψ)∗(Φt
α
)∗gt
α
j for a fixed α ∈]0, 23 [. satisfy the assumption of Lemma 4.1 and
Corollary 3.8 for a sequence {tj}j≥0 such that tj → +∞ as j →∞. Hence, there
exists a Riemannian metric on M such that the corresponding Dirac operator
has zero as eigenvalue and the proof is completed.
We can proceed now with the proof of the main theorem.
Proof of Theorem 1.1. Let p ∈ M be fixed. If δ(p) > 0 is the injectivity radius
of p, then
N := expp
(
1
δ(p)
BR
m
(0, 1)
)
⊂M (78)
is a geodesic ball centered at p, whose boundary ∂N is diffeomeorphic to Sm−1.
We analyze several cases:
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• m = 2: the circle S1 has two spin structures and only one admits harmonic
spinors. Therefore Lemma 4.2 cannot be applied. This is in accordance
with the fact that S2 has no harmonic spinors for all Riemannian metrics.
• m = 3: as we have just seen the classic Dirac operator on S2 has no
vanishing eigenvalues and, again, Lemma 4.2 cannot be applied.
• m ≥ 4: recalling that there is a unique spin stricture on Sm−1, we have
to distinguish several subcases:
– m = 4k + 4, for k ∈ N0. By Proposition 3.10, the Berger metric
on Sm−1 admits a non trivial harmonic spinor, so that Lemma 4.2
applies and the statement of Theorem 1.1 holds.
– m = 4k + 5, for k ∈ N0. We can now apply Theorem 1.1 to S4k+4,
as we have just seen, to conclude that there is a metric on S4k+4
admitting non trivial harmonic spinors. We continue with Lemma
4.2 and the statement of the Theorem is proved.
– m = 4k + 6, for k ∈ N0. We apply Theorem 1.1 to S4k+5 and the
rest follows analogously.
– m = 4k + 7, for k ∈ N0. We apply Theorem 1.1 to S4k+6 and the
rest follows analogously.
The proof is completed.
Remark 4.1. Why does the proof of Theorem 1.1 not work for the Laplace-
Beltrami operator or for the complex Laplacian as well? Of course Lemma 4.2
holds for general Dirac bundles and since the constant functions on Sm−1 are
harmonic differential forms of degree 0, we can trivially conclude that there are
always non trivial harmonic forms on any Riemannian manifolds, namely the
constant functions. The question now is if it is possible to say something for
differential forms of fixed degree k > 0. Unfortunately, both Euler and Clifford
operators do not preserve the graduation of the differential form bundles and
there is no version of Theorem 3.7 for the Laplace-Beltrami operator or for the
complex Laplacian acting on forms of fixed degree. So, the constructions in the
proof of Lemma 4.2 cannot be mimicked for pure forms. If this were the case,
we could conclude for instance that the De Rham cohomology Hk(S
m,R) does
not vanish for k 6= 0,m, which is of course a contradiction.
5 Conclusion
We have studied the spectrum of a general Dirac Operator under variation of the
Riemannian metric and extended a result of Bourguignon and Gauduchon on
the first derivative of the eigenvalues from the special case of the spinor bundle
to the general Dirac bundle case. In conjunction with the extension of the
Courant-Hilbert Theorem for upper bounds of the Dirac Laplacian, we proved
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a result on the existence of Riemannian metrics allowing for harmonic Dirac
bundle sections. In particular, we could show that any closed spin manifold of
dimensionm ≥ 4 can be always be provided with a Riemannian metric admitting
harmonic spinors. Since in dimension m = 1, 2, there are counterexamples, the
conjecture remains open for m = 3.
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